We propose a trust-region method for nonlinear semidefinite programs with box-constraints. The penalty barrier method can handle this problem, but the size of variable matrices available in practical time is restricted to be less than 500. We develop a trust-region method based on the approach of Coleman and Li (1996) that utilizes the distance to the boundary of the box-constraints into consideration. To extend this method to the space of positive semidefinite matrices, we device a new search direction by incorporating the eigenvectors of the variable matrix into the distance to the boundary. In this paper, we establish a global convergence of the proposed method, and preliminary numerical experiments show that our method solves the problems with the size being larger than 5000, and it is faster than the feasible direction for functions with nonlinearity higher than quadratic.
Introduction
This paper is concerned with a box-constrained nonlinear semidefinite problem (shortly, boxconstrained SDP) min f (X) subject to O X I.
(
The variable in this problem is X ∈ S n , and we use S n to denote the space of n × n symmetric matrices. The notation A B for A, B ∈ S n means that the matrix A−B is positive semidefinite. The matrix I is the identity matrix of the appropriate dimension. We assume through this paper that the objective function f : S n → R is a twice continuously differentiable function on an open set containing the feasible set F := {X ∈ S n : O X I}. The feasible set of (1) can express a more general feasible set, {X ∈ S n : L X U } with L, U ∈ S n such that L U . Since we can assume that U − L is positive definite without loss of generality [21] , we use a Cholesky factorization matrix C of U − L that satisfies U − L = CC T to convert a problem min f (X) subject to L X U into an equivalent problem min f (CXC T + L) subject to O X I via the relation X = C −1 (X − L)C −T . A box-constrained nonlinear optimization problem min f (x) subject to l ≤ x ≤ u.
is an important case of (1) . If the variable matrix X in (1) is a diagonal-block matrix, X is positive semidefinite if and only if all of the sub matrices are positive semidefinite. In particular, when the dimension of each sub-matrix is one, the box-constrained nonlinear optimization problem (2) emerges. In this problem, the variable is x ∈ R n , and the lower and upper bounds are given by l ∈ R n and u ∈ R n . The problem (2) is a basic problem in constrained optimization and many methods are proposed. Hei et. al. [11] compared the performance of four active-sets methods and two interior-point methods. Trust-region methods are also discussed in [4, 5, 20] , On the other hand, the positive semidefinite condition on a matrix (X O) is extensively studied in the context of SDP (semidefinite programs). The range of SDP application is very wide and includes control theory [3] , combinatorial optimization [9] , polynomial optimization [13] and quantum chemistry [8, 14] . A consider number of studies on SDP can be found in the survey of Todd [19] , the handbook edited by Anjos and Lassere [1] and the references therein.
The penalty barrier method [2, 12] can be applied to solve the box-constrained SDP (1). Though it can handle the problem (1) with/without additional constraints, it requires the full information of the second derivative of the objective function f (X), and it can solve the problems in practical time only when the size of variable matrix is small; n ≤ 500. To solve larger problems, we should prepare methods specialized for solving (1) .
As a method specialized for the box-constrained nonlinear semidefinite problem (1), Xu et al [21] proposed a feasible direction method. This method is an iterative method and it tries to find a point which satisfies a first-order optimality condition.
We say that X * ∈ F satisfies a first-order optimality condition of (1) if
Here, we use A | B to denote the inner-product between A ∈ S n and B ∈ S n , and ∇f (X * ) ∈ S n is the gradient matrix of f at X * . In particular, when f (X) is a convex function, X * that satisfies (3) is an optimal solution. When X * ∈ F, we can derive an equivalent but more convinient condition; f (X * ) = 0 where f ( X) := min { ∇f ( X) | X − X : X ∈ F}.
Xu et al [21] proved that the feasible direction method generates an sequence {X k } ∈ F that attains lim k→∞ f (X k ) = 0. From some preliminary experiments, however, we found that the feasible direction methods did not perform well for objective functions with higher nonlinearity. Since the feasible direction computes the search direction by projecting the steepest direction −∇f (X) to the feasible set F , it is difficult to capture the effect of the boundary of F.
In this paper, we propose a trust-region method for solving the box-constrained SDP (1). Trust-region methods are iterative methods and they compute the search direction by minimizing a quadratic approximate function in the trust-region radius. By adjusting the trust-region radius in which the quadratic function approximates the objective function well, trust-region methods are known to attain excellent global convergence properties [6, 10, 17] .
We develop the method based on the trust-region method of Coleman and Li [4] . They used the distance from the current point to the boundary of F to compute the search direction for solving the simple-bound problem (2) . However, we can not directly extend their approach to (1), since the positive semidefinite condition X O involves not only eigenvalues but also eigenvectors, and the eigenvectors are not always continuous functions on X. Therefore, we devise a new search direction by taking both the eigenvalues and the eigenvectors into account. This new search direction guarantees non-zero step length, hence it enables us to establish a global convergence of the generated sequence. Through preliminary numerical results which will be reported in this paper, we observe that the proposed trust-region method solve highly nonlinear objective function faster than the feasible direction method, and it can handle large problems than the penalty barrier method implemented in PENLAB [7] . This paper is organized as follows. Section 2 investigates equivalent conditions of the firstoptimality conditions. We also introduce the new search direction D(X), and propose the trustregion method in Algorithm 2.3. Section 3 establishes the global convergence of the proposed method, lim k→∞ f (X k ) = 0. Section 4 reports numerical results on the performance comparison of the proposed method, the feasible direction, and the penalty barrier method. Finally, Section 5 gives a conclusion of this paper and discusses future directions.
Notation and preliminaries
The inner-product between A ∈ R m×n and B ∈ R m×n is defined by A|B := T race(A T B). Here, T race(X) for a matrix X ∈ R n×n is the summation of its diagonal elements, that is,
m×n , we define the Frobenius norm by ||A|| F := A | A . From the CauchySchwartz inequality, it holds | A | B | ≤ ||A|| F ||B|| F for ∀A ∈ R m×n and ∀B ∈ R m×n . We often use the relation A | B = B | A . In addition, we use the inequality A | B ≥ 0 for two positive semidefinite matrices A O and B O.
For symmetric matrices, the 2-norm ||A|| 2 is defined by the largest absolute eigenvalue of A ∈ S n . The notation diag(κ 1 , κ 2 , . . . , κ n ) stands for the diagonal matrix whose diagonal elements are κ 1 , κ 2 , . . . , κ n . When A = QKQ K is the eigenvalue decomposition of A with the diagonal matrix K = diag(κ 1 , κ 2 , . . . , κ m ), the rth power of A for r ∈ R is the symmetric matrix defined by A r := Qdiag(κ r 1 , κ r 2 , . . . , κ r n )Q T . The gradient matrix ∇f (X) ∈ S n and the Hessian map ∇ 2 f (X) at X ∈ S n are defined in the way that the Taylor expansion for D ∈ S n holds by
where O(d) is of the order of d. For example, for the functionf (X) = X | X , we have ∇f (X) = 2X and
In particular, ∇f (X) corresponds to the Fréchet derivative, and for A, B ∈ S n we have
A ij B kl . Though this paper, we use the matrices P (X) and Λ(X) to denote the eigenvalue decomposition of ∇f (X) as ∇f (X) = P (X)Λ(X)P (X) T . The matrix Λ(X) is the diagonal matrix whose diagonal elements are the descending-order eigenvalues of ∇f (X), denoted by λ 1 (X) ≥ λ 2 (X) ≥ . . . ≥ λ n (X). The jth column of P (X), denoted by p j (X), is the associated eigenvector of λ j (X). We use n + (X) and n − (X) to denote the number of positive and non-positive eigenvalues of ∇f (X), respectively. We divide Λ(X) into the two blocks, Λ + (X) := diag(λ 1 (X), λ 2 (X), . . . , λ n + (X ) ), Λ − (X) := diag(λ n + (X )+1 (X), λ n + (X )+2 (X), . . . , λ n ). Note that the sizes of Λ + (X) and Λ − (X) can be zero, but the total is kept n + (X) + n − (X) = n. We also divide P (X) into the two matrices P + (X), P − (X) by collecting the corresponding vectors, so the columns of P + (X) are p 1 (X), . . . , p n + (X) in this order. We can write the eigenvalue decomposition in another form, ∇f (X) = P + (X)Λ + (X)P + (X) T + P − (X)Λ − (X)P − (X) T . From properties of eigenvectors, we have P + (X) T P − (X) = O. We also know that P + (X) T P + (X) is the identity matrix of dimension n + (X) and P − (X) T P − (X) is the identity matrix of dimension n − (X). Finally, we define λ max (X) := max{|λ 1 (X)|, |λ n (X)|}. From a property of the 2-norm, it holds that λ max (X) = ||∇f (X)|| 2 .
2 Trust-region method for box-costrained SDP For the simple bound problem (2), Coleman and Li [4] proposed a trust-region method which measures the distance from the current feasible point x(l ≤ x ≤ u) to the boundary of feasible set by the vector v(x) ∈ R n defined as
This vector is used to control the approach to the boundary, and the key property in the discussion of [4] is that x * satisfies the first-order optimality condition if and only if
We should emphasize that we can not directly extend the definition of v(x) to box-constrained SDPs (1) using the conditions on the eigenvalue of X, since the distance to the boundary of F relates to not only the eigenvalues but also the eigenvectors. If we ignore the eigenvectors, it is difficult to ensure the non-zero step length. To take the effect of eigenvectors into account, we define two positive semidefinite matrices for X ∈ F;
The definition of these matrices brings us other properties of the first-order optimality condition in Lemma 2.1. In the lemma, we use a matrix D(X) ∈ S n and a scalar N (X) defined by
In particular, the definition of the matrix D(X) enables us to extend the trust-region method of Coleman and Li [4] to the space of symmetric matrices, since we can ensure the positiveness of the step length for the direction D(X) as shown in Lemma 2.2.
Using the relations ∇f
F and N (X) as follow;
Lemma 2.1. For a matrix X * ∈ F, the following conditions are equivalent.
(a) X * satisfies the first-order optimality condition (3) .
Proof: For simplicity, we use
In the above equalities, we used
For the last equality, we used
Hence, we obtain (c) by (8) .
Since all the eigenvalues in Λ + are positive, the conditions Λ + | V + = 0 and
By taking these traces of these matrices, we obtain (b).
Lemma 2.1 and (8) indicate that when X does not satisfy the first-order optimality condition,
Hence, we can expect that the decrease of the objective function
a certain value α > 0. The next lemma gives a range of α to ensure X − α D(X)
].
Proof:
In this proof, we drop (X) from P (X), D(X), V + (X), V − (X), λ max (X) for simplicity. From the definition of λ max , the matrix I − Λ + λmax is a diagonal matrix with nonnegative diagonal elements, hence this matrix is positive semidefinite. Using the property P P T = I, it holds
Due to the linear combination X − α D
In a similar way, we can show that I − (X − D λmax ) O, and this leads to X − α D
We propose a trust-region method for the box-constrained SDP (1) as Algorithm 2.3. Based on the property that − D(X)
is a descent direction of f (X), we can set a matrix −S(X), where
, as a normalized search direction to find a local minimizer. In Algorithm 2.3, we use a quadratic approximation of f with the direction S(X);
From Lemma 2.2, the generated sequence by Algorithm 2.3 remains in F, that is, {X k } ⊂ F .
Convergence properties
As noted in Section 1, X * ∈ F satisfies the first-order optimality condition (3) if and only if f (X * ) = 0. In this section, we show that the sequence {X k } ⊂ F generated by Algorithm 2.3 with the stopping threshold ǫ = 0 attains lim k→∞ f (X k ) = 0. We divide the proof into two parts.
The first part shows there exists a subsequence of {N (X k )} that converges to zero. The second part shows lim k→∞ N (X k ) = 0 in Theorem 3.6, and finally the global convergence lim k→∞ f (X k ) = 0 in Theorem 3.7.
Though we can employ similar approaches in the proof of the first part as [4] by the usage of D(X), we can not directly apply the results of [4] to the second part. This is mainly because that the eigenvector matrices P + (X) and P − (X) are not always continuous functions of X. Instead, our proof relies on the boundedness of
Convergence of subsequence
To analyze Algorithm 2.3, we define constant values
Algorithm 2.3. Trust-region method for the box-constrained SDP
Step 1: Choose an initial point X 0 ∈ F . Set an initial trust-region radius ∆ 0 > 0. Choose parameters 0 < µ 1 < µ 2 < 1, 0 < γ 1 < 1 < γ 2 . Set an iteration count k = 0. Set a stopping threshold ǫ > 0.
Step 2: If N (X k ) < ǫ, output X k as a solution and stop.
Step 3: Solve a one dimensional optimization problem with respect to α;
and let the step length α k be the minimizer of (9).
Step 4: Let
Compute the ratio
and set
Step 5: Update the trust-region radius ∆ k by
Step 6: Set k ← k + 1 and return to Step 2.
Note that M 1 and M 2 are finite from the assumptions that the feasible set F is a bounded closed set and the objective function f (X) is a twice continuously differentiable function on an open set containing F. We can assume that M 1 > 0 and M 2 > 0 without loss of generality. When M 1 = 0, f (X) is a constant function; and if M 2 = 0, then ∇f (X) is a constant matrix, so that the global minimizer can be obtained as X * = P − (X)P − (X) T from the constant matrix ∇f (X) = P (X)Λ(X)P (X) T .
We now evaluate the quadratic approximate function q(α k , X k ) compared with f (X k ).
Lemma 3.1. The step length α k in Step 3 satisfies
Proof:
In this proof, we use
We define a quadratic function φ(α) := −α
Since N = ∇f (X k ) | D > 0 (otherwise, X k already satisfies the first-order optimality condition from Lemma 2.1) and φ(α) is a quadratic function with respect to α, the minimum of φ is attained at one of the three candidates
. Taking the maximum of the three cases, we obtain the inequality of this lemma. To simplify the inequality of Lemma 3.1, we replace λ max (X k ) and ||D(X k )|| F by convenient upper bounds. Since λ max (X k ) is bounded by M 1 , we will seek an upper bound of ||D(X k )|| F .
Proof: In this proof, we use simplified notation D := D(X), V + := V + (X), V − := V − (X), Λ + := Λ + (X), Λ − := Λ − (X), n + := n + (X), n − := n − (X), P + := P + (X), P − := P − (X). Let V + = QKQ T be the eigenvalue decomposition of V + such that K = diag(κ 1 , κ 2 , . . . , κ n+ ) is the diagonal matrix with the eigenvalues of V + . Since O X I, we have O V + I, hence, 0 ≤ κ i ≤ 1 for i = 1, 2 . . . , n + . Using a matrix W ∈ S n + defined by W := Q T Λ + Q, we compare
The last inequality comes from 0
In a similar way, we also have ||V
We evaluate the last term of (7) by the property of the Frobenius norm;
For the last inequality, we used the relation n + + n − = n to derive n + · n − ≤ n 2 4 . Consequently, it holds from (7) that
We put Lemma 3.2 into Lemma 3.1 to obtain a new upper bound of q(α k , X k );
In Algorithm 2.3, we call the kth iteration a successful iteration if X k+1 is set X k in Step 4,  that is, r k ≥ µ 1 . Otherwise, the kth iteration is called an unsuccessful iteration. For a successful iteration, we obtain a decrease in the objective function
Since f (X k+1 ) = f (X k ) in the unsuccessful iterations, the objective value f (X k ) is nonincreasing in Algorithm 2.3.
We are now prepared to show that there exists a subsequence of {N (X k )} that converges to zero. Proof: We assume that there existsǫ > 0 and k 0 such that N (X k ) ≥ǫ for any k ≥ k 0 , and we will derive a contradiction.
Let K = {k 1 , k 2 , . . . , k i , . . .} be the successful iterations. If K is a finite sequence, let k i be the last iteration of K. Since all of the iterations after k i are unsuccessful, the update rule of ∆ k (Step 5 of Algorithm 2.3) implies ∆ k i +j = γ j 1 ∆ k i . Hence, we obtain lim j→∞ ∆ j = 0. Next, we consider the case when K is an infinite sequence. The function
1 n 3 is an increasing function for x > 0, so that it holds from (12) that for k i ∈ K,
Since f is continuous on a closed set F and X k ∈ F for each k, f (X k i ) is bounded below, therefore lim i→∞ ∆ k i = 0. From the update rule of ∆ k (Step 5 of Algorithm 2.3), it holds that ∆ j ≤ γ 2 ∆ k i for the unsuccessful iterations j = k i + 1 . . . , k i+1 − 1. Hence, we obtain lim j→∞ ∆ j = 0, regardless of the finiteness of K. Now, we will take a close look at the ratio r k . From the Taylor expansion, there exists ξ ∈ [0, 1] such that
Therefore,
On the other hand, from (11) , N (X k ) >ǫ and lim k→∞ ∆ k = 0, it holds for large value k that
Consequently, the ratio r k can be evaluated by
Therefore, lim k→∞ ∆ k = 0 leads to lim k→∞ r k = 1. From the update rule of ∆ k , we have ∆ k+1 ≥ ∆ k for large value k. Thus, there exists k 0 such that ∆ k ≥ ∆ k 0 for ∀k ≥ k 0 , but this contradicts lim k→∞ ∆ k = 0. Hence, lim inf k→∞ N (X k ) = 0.
Convergence of the whole sequence
Using the convergence of the subsequence, we will show in Theorem 3.6 that the whole sequence of {N (X k )} converges to zero. We will use the following two lemmas to prove Theorem 3.6.
Lemma 3.4. For X ∈ F and A, B ∈ S n , we have
The first inequality holds, since | ∇f (X) | A | ≤ ||∇f (X)|| F ||A|| F for ∀A ∈ S n and we employ the inequality ||A|| F ≤ √ n||A|| 2 from [18, (1.2.27)].
For the second inequality, we start with the the following inequality derived from the definition of M 2 ;
Furthermore, we put A − tB into D to obtain the following inequality, which holds for any t ∈ R;
Therefore, the inequality
holds for ∀t ∈ R, and we can derive
Consequently, it holds that
We replace A with −A to obtain
By combining these inequalities, we get
Proof: In this proof, we use
Since all of the eigenvalues of V + and V − are between 0 and 1, we have ||V
The objective function of (4) at X ∈ F can be evaluated from below by
We can obtain an upper bound on Λ + | V + ;
In a similar way, it also holds
We are now ready to prove the convergence of the whole sequence. 
Proof:
We take a small positive number ǫ 1 such that 0 < ǫ 1 ≤ 16n 2 M 2 1 . We assume that there is an infinite subsequence K := {k 1 , k 2 , . . . , k i , . . .} ⊂ {1, 2, . . .} such that N (X k i ) ≥ ǫ 1 for ∀k i ∈ K, and we will derive a contradiction.
From Theorem 3.3, we can take a subsequence L :
where
. Note that this is consistent with N (X k i ) ≥ ǫ 1 , since we took 0 < ǫ 1 ≤ 16M 2 1 . If the kth iteration is a successful iteration and (12) and obtain
Since f is bounded below, when the kth iteration (k i ≤ k < l i ) is a successful iteration and k is large enough, it holds that
. Since we update the matrix by
This inequality is also valid when the kth iteration is an unsuccessful iteration, since the matrix is kept by X k+1 = X k . Hence, it holds that
Since the objective function f (X k ) is non-increasing and bounded below, this implies that lim i→∞
Hence, we have
From the assumption N (
1, and this means X k i already satisfies the first-order optimality condition). Since
∈ F from Lemma 2.2, we can put
With Lemma 3.5 and N (X l i ) < ǫ 2 2 , we have an upper bound on N (X k i );
Now, we reach the contradiction;
Combining Lemma 3.5 and Theorem 3.6, we derive a property for the first-order optimality condition.
Theorem 3.7. When {X k } is the sequence generated by Algorithm 2.3 with ǫ = 0, it holds that
Proof: From Lemma 3.5 and the definition of f (X), we know that
Hence, Theorem 3.6 indicates lim k→∞ f (X k ) = 0.
To make the generated sequence {X k } itself converge, we need a stronger assumption on the objective function, for example, strong convexity. 
then the sequence {X k } generated by Algorithm 2.3 with ǫ = 0 converges. Furthermore, the accumulation point X * := lim k→∞ X k satisfies the first-order optimality condition (3) .
From X k ∈ F and the definition of f (X j ), we have an inequality
By swapping X k and X j , we also obtain the inequality
The addition of these two inequalities results in
Theorem 2.1.9 of [16] gives equivalent conditions of strongly-convexity, and one of them is
Due to this inequality, we get
Theorem 3.7 implies that the sequence {X k } is a Cauchy sequence. Since {X k } is generated in the closed and bounded set F, it converges to a point of F. Consequently, the accumulation point X * = lim k→∞ X k satisfies the first-order optimality condition.
Numerical Results
To evaluate the performance of the proposed trust-region method, we conducted preliminary numerical experiments. We used Matlab R2014a and the computing environment was Debian Linux run on AMD Opteron Processor 4386 (3 GHz) and 128 GB of memory space. The test functions used in the experiments are listed below and they are classified into the two groups. The functions of Group I were selected from the test functions in [21] . We added new functions as Group II. In particular, Function 5 and 6 are an extension of Generalized Rosenbrock function [15] and its variant with cosine functions.
To generate the matrix C 1 , we chose the eigenvalues κ 1 , . . . , κ n randomly from the interval [−1, 2] and multiply a randomly-generated orthogonal matrix Q, that is, C 1 := Qdiag(κ 1 , . . . , κ n )Q T . The matrix A appeared in Functions 5 and 6 was set by A ii = if i = j. The parameterǭ of Function 7 determines the effect of the boundary of the feasible set F, and we usedǭ = 0.02.
We compared the peformance of three methods, TR (Algorithm 2.3), FEAS (the feasible direction method of Xu et. al. [21] ), and PEN (the penalty barrier method [2, 12] implemented in PENLAB [7] ). We started TR and FEAS with the initial point X 0 = 1 2 I, while PEN automatically chose its initial point. We used the following condition as the stopping criterion;
PEN the default parameter of PENLAB.
For details of the stopping conditions on FEAS and PENLAB, refer to [21] and [7] , respectively. Tables 1 and 2 report the numerical results of Group I and Group II, respectively. The first column is the function type, and the second column n is the size of the matrix X. The third column indicates the method we applied. The fourth column is the objective value. The fifth column is the number of main iterations, and the six column is the computation time in seconds. The last three columns correspond to the number of the evaluation of the function value f (X), the gradient matrix ∇f (X), and the Hessian map ∇ 2 f (X).
From these tables, PEN was much slow compared to TR and FEAS, and it is difficult for PEN to solve large problems with n > 100 in 24 hours. PENLAB [7] handled the symmetric matrix X as n(n + 1)/2 independent variables, X 11 , X 12 , . . ., X 1n , X 22 , . . ., X 2n , . . ., X nn , and it stored all the elements of the Hessian map ∇ 2 f (X), so that the computation cost estimated from [12] was O(n 4 ). This heavy cost restricted PENLAB to the small sizes. TR also used the information of the Hessian map, but TR stored only the scalar value S | ∇ 2 f (X) | S . hence, the memory space required by TR was only O(n 2 ).
In the comparison between TR and FEAS, the computation time of FEAS was shorter than TR in Table 1 , but longer in Table 2 . The functions in Group I involved the variable matrix X in the linear form C 1 | X or the quadratic form X | X , and this simple structure was favorable for the feasible direction that was based on a steepest descent direction. In contrast, the functions in Group II have higher nonlinearity than Group I. The operation count with respect to the function value (co.f ) shows that this higher nonlinearity demanded that FEAS have a large number of back-step loop. In particular, FEAS needed many iterations for Ronsenbrock-type functions (Functions 5 and 6). TR reduced the number of iterations by the properties of the search direction D(X) and the quadratic approximation with the Hessian map. In particular, D(X) encompassed the information of the distance to the boundary to the box-constraints as Λ + (X) and Λ − (X). Consequently, TR was faster than FEAS for the functions of Group II.
Conclusions and Future Directions
In this paper, we proposed a trust-region method for a box-constrained nonlinear semidefinite programs. The search direction D(X) studied in Section 2 enabled us to devise a trust-region method based on Coleman and Li [4] in the space of positive semidefinite matrices. We presented the global convergence property of the generated sequence for the first-order optimality condition. 
